We report on calculations of the charmonium and bottomonium spectrum in lattice QCD. We use ensembles of gauge fields with three flavors of sea quarks, simulated with the asqtad improved action for staggered fermions. For the heavy quarks we employ the Fermilab interpretation of the clover action for Wilson fermions. These calculations provide a test of lattice QCD, including the theory of discretization errors for heavy quarks. We provide, therefore, a careful discussion of the results in light of the heavy-quark effective Lagrangian. By and large, we find that the computed results are in agreement with experiment, once parametric and discretization errors are taken into account.
I. INTRODUCTION
Quarkonium plays an important role in the application of QCD to hadronic physics. Early calculations of charmonium based on potential models gave strong support to the interpretation of these states as bound states of a new heavy quark [1, 2] . Although physically the charmonium state is analogous to positronium, its historical role as a model system of QCD proved to be analogous to that of the hydrogen atom in quantum mechanics. The charmonium spectrum provided a simple example of how QCD works, made even more compelling with the subsequent observation of the bottomonium states.
Although the analysis of the quarkonium spectrum based on potential models is a significant triumph of QCD, an ab initio calculation based on lattice QCD, an approach that can simultaneously deal with light quarks would be even more satisfying. However, in lattice QCD, the continuum limit requires that am approaches zero, where a is the lattice spacing and m is the mass of the state. Quarkonium states and their constituent quarks are so heavy, that it is often impractical to use so small a lattice spacing that am is small. Both lattice NRQCD [3, 4] and the Fermilab action [5] have been developed to treat heavy quarks in lattice gauge theory. Thus, the successful calculation of the spectrum of charmonium and bottomonium becomes a significant test of these techniques.
This paper describes the current state of the quarkonium spectrum based on the Fermilab approach to heavy quarks, using gauge configurations provided by the MILC Collaboration [6] that incorporate the effects of three light quarks: up, down, and strange. We have been studying the quarkonium spectrum using this formalism for some time [7] , starting on ensembles with two flavors of sea quark [8] , and new ensembles of configurations have become available during the course of the project. In this paper, we report on results with four lattice spacings from a ≈ 0.18 fm to ≈ 0.09 fm. We do not yet consider this work a definitive calculation using our approach. Results from two finer lattice spacings should become available in the future. As we detail below, the tuning of the bare valence heavy-quark masses, via the heavy-light meson spectrum [9] , is not yet precise enough to give satisfactory answers to all the questions that have arisen. In the future, we expect to have better control of the heavy-quark masses. Nevertheless, already we can successfully reproduce important features of the quarkonium spectrum, and we consider this another important testbed in which to assess the errors that arise from our treatment of the heavy quarks. Knowledge of these errors is also important for calculations of properties of heavy-light mesons, for example those pertaining to semileptonic decays [10] , leptonic decays [11] , and B-B mixing [12] , as well as the heavy-light spectrum [9] .
Prior lattice QCD work on quarkonium with different sea-quark content has been reviewed by Bali [13] . More recently, Dudek and collaborators have used the quenched approximation to explore decays [14] , radiative transitions [15] , and the excited-state spectrum [16] of charmonium. Meinel has used lattice NRQCD to compute the bottomonium spectrum at one lattice spacing on four ensembles with 2+1 domain-wall sea quarks [17] . The HPQCD Collaboration has calculated the quarkonium spectrum on many of the same MILC ensembles used in our work, using lattice NRQCD for bottomonium [18, 19] , and using highly improved staggered quarks (HISQ) for charmonium [20] . Lattice NRQCD is not very accurate for charmonium, and HISQ requires very small lattice spacings for b quarks [21] . An advantage of the Fermilab method is that it allows the same treatment for both the charmed and bottom quarks. Predictions of the cb spectrum have also been made, for the pseudoscalar B c using NRQCD b quarks and the charmed quark propagators from this project [22] , and also for the vector B * c using NRQCD b quarks and HISQ charmed quarks [23] .
The plan of this paper is as follows. In Sec. II, we describe our methodology, explaining the actions used for gluons, light sea quarks, and the heavy valence quarks. We describe, in detail, how to use the heavy-quark effective Lagrangian to understand heavy-quark discretization errors in quarkonium masses. We also discuss the construction of the hadronic correlators and how they are fit to determine meson masses. Several broad issues inform the uncertainties (statistical and systematic), and they are discussed in Sec. III. In Sec. IV, we show our results for the splittings between various states or combinations of states. Where possible, we have organized the presentation of the mass splittings around individual terms in the heavy-quark effective action, which clarifies the approach to the continuum limit at available lattice spacings. Section V contains our conclusions and suggestions on ways to improve on this calculation.
II. METHODOLOGY
In this section, we collect several sets of information needed to understand the results that follow. Section II A defines the notation for different quarkonium states and splittings. Then we provide details of the lattice gauge configurations that we have used in Sec. II B. Next, in Sec. II C, we review the Fermilab method, discussing in detail how it can be understood via an effective Lagrangian. This discussion provides a link between the lattice fermion action and the computed mass splittings; an important theme in this paper is to scrutinize our numerical results according to these theoretical expectations. Last, we explain how we form correlation functions in Sec. II D, and how we fit them to obtain masses in Sec. II E.
A. Notation
In this paper, we use two notations for hadrons and their masses, both the standard names from the Particle Data Group [24] and the spectroscopic notation n 2S+1 L J , where S, L, and J are the spin, orbital, and total angular momentum, respectively, of the nth radial excitation. As usual, L = 0, 1, 2, . . . are denoted S, P , D, . . . .
It is often convenient to discuss spin-averaged masses (and mass splittings), which we indicate with a horizontal line, such as 1S or 1 3 P . In particular,
using charmonium for illustration. For brevity we usually write 1P for 1 3 P . These spin-averages are sensitive to the leading term in a nonrelativistic expansion. Note that the 1P and 1 1 P 1 (also denoted h c and h b ) levels are nearly the same in nature, which can be explained by the spin-spin interaction's short range-δ(r) in the context of potential models [2] .
Complementary to the spin-averaged masses are spinsplittings that hone in on spin-dependent corrections [25, 26] . Below, we examine the hyperfine splittings
3) using charmonium 1S notation on the right-hand side.
For the P states two combinations are of interest
again using charmonium 1S notation on the right-hand side. M (nS HFS ) and M (nP tensor ) are sensitive to spinspin interactions, and M (nP spin-orbit ) to spin-orbit interactions.
B. Configuration details
These calculations have been carried out on lattice gauge configurations provided by the MILC Collaboration [6] , listed in Table I . They were generated via the R algorithm [27] with the one-loop Symanzik-improved Lüscher-Weisz gluon action [28] combined with 2 + 1 flavors of sea quarks simulated with the asqtad action [29] . The n f -dependent part of the one-loop couplings [30] became available only after the ensembles were generated. We have used ensembles at four lattice spacings: a ≈ 0.18, 0.15, 0.12, and 0.09 fm (also called in the text "extra-coarse", "medium-coarse", "coarse" and "fine" ensembles, respectively). The first four columns of Table I list the parameters of these ensembles, including the masses of the sea quarks, denoting the pair as am l /am s . The lattice scale of each ensemble with different sea quark masses was kept approximately fixed using the length r 1 [31, 32] from the static quark potential. The absolute scale from the Υ 2S-1S splitting was determined on most of our ensembles by the HPQCD Collaboration [18, 19] . Details on the r 1 determinations can be found in review of other work on the MILC ensembles [33] . Combining this determination with more recent work [34, 35] , leads us to take the range r 1 = 0.318 +0.000 −0.007 fm in this paper. I: Run parameters and configuration numbers for the ensembles used to study charmonium and bottomonium η, J/ψ, Υ, h, χ0, and χ1 states with relativistic operators, and h and all χJ states with nonrelativistic operators. The labels a and b are used to distinguish between the two runs with the same β = 6.76 but different am l /ams. In this work, the charmed and bottom quarks are simulated with the Fermilab action [5] 
where U denotes the gluon field, and ψ andψ denote the quark and antiquark fields. The clover definitions of the chromomagnetic and chromoelectric fields B and E are standard and given, for example, in Ref. [5] . When ζ = r s = 1 and c B = c E = 0, S reduces to the Wilson action [36] ; when ζ = r s = 1 and c B = c E = c SW , it reduces to the Sheikholeslami-Wohlert action [37] . The relation between the hopping parameter κ and the bare mass is
in four space-time dimensions.
To motivate our choices of the input parameters κ, ζ, r s , c B , and c E , let us review the nonrelativistic interpretation of Wilson fermions [5] . The pole energy of a single quark of spatial momentum p is 8) where the quark rest mass m 1 and the kinetic mass m 2 are defined at all orders of perturbation theory via the self energy [38] . At the tree level,
In general, m 1 = m 2 unless m 0 a ≪ 1; for charmed and bottom quarks on the ensembles listed in Table I one has m 0c a 1, m 0b a 1. One could tune ζ so that m 2 = m 1 , and we shall revisit that strategy below. Equation (2.8) is the simplest example of a nonrelativistic interpretation of physical quantities computed with the action in Eq. (2.6). This is justified, because in quarkonium the relative momentum of the heavy quarks is small compared with the heavy-quark mass. This is the basis of the phenomenological success of potential models, which yield estimates of the relative velocity and, equivalently, internal momentum. For charmonium The nonrelativistic interpretation can be extended beyond the tree level and to higher order in the nonrelativistic expansion using effective field theories. This has been pursued in detail emphasizing heavy-light hadrons [39, 40, 41] , and here we explain the ideas in the context of quarkonium. As in the Symanzik effective theory, one introduces a continuum effective Lagrangian, but here it is an effective Lagrangian valid for heavy quarks. With quarkonium, the appropriate power-counting rule for the effective Lagrangian is that of nonrelativistic QED [42] and nonrelativistic QCD (NRQCD) [3, 4, 43] . So one has 13) where s counts the powers of velocity. Here . = means that the lattice gauge theory on the left-hand side, defined in our case by Eq. (2.6), is given an effective description by the right-hand side. The first several terms of the effective Lagrangian are
HQ =h
where h (+) is a two-component field describing the quark, and h (−) is a two-component field describing the antiquark. The short-distance coefficients m 1 , m −1 E , etc., can be expanded in perturbation theory, with α s ∼ v [4] . We have put the rest mass m 1h (±) h (±) and temporal kinetic energȳ
HQ , because by the equation of motion
HQ , are not written out, because they are numerous yet merely describe subleading contributions to the splittings examined below.
One would like to adjust κ, ζ, r s , c B , and c E so that the lattice gauge theory matches continuum QCD with controllable uncertainty. One would also like to reduce the number of input parameters as much as possible, to make the simulation easier to carry out. The coupling r s is redundant: any choice is allowed as long as the doubling problem is solved. We take r s = 1.
(2.16)
To derive tuning criteria for the others, one refers to the NRQCD description of continuum QCD, which takes the same form as Eqs. (2.14) and (2.15), but with the following substitutions:
where the last is a consequence of Lorentz invariance, as is the exact equality of the rest and kinetic masses. The matching factors Z i are unity at the tree level and have a perturbative expansion. To bring the lattice field theory in line with continuum QCD, one must then simply adjust the lattice couplings so that the lattice quantities on the left in (2.17)-(2.23) become, to some accuracy, the continuum quantities on the right. In principle, this matching could be carried out nonperturbatively [44] , although we do not pursue that strategy here. If one restricts one's attention to mass splittings and matrix elements, it is not necessary to adjust a coupling to tune m 1 . The operatorsh (±) h (±) are number operators, commuting with everything else in the Hamiltonian [39] . It is therefore acceptable to tolerate a large discretization error in the rest mass, and, consequently, one does not need to adjust ζ. We take ζ = 1.
(2.24)
To obtain the correct dynamics, one must adjust κ so that the rest of L
HQ is correctly tuned. In other words, one must identify the kinetic quark mass m 2 with the physical quark mass.
The adjustment of c B stems from a concrete realization of (2.19). At the tree level to account for tadpole diagrams at higher orders in perturbation theory [45] . On the coarse ensembles, we set u 0 from the Landau link; on the other ensembles, we set it from the plaquette. In principle, the adjustment of c E should stem from (2.20). These simulations have been carried out, however, in concert with calculations of heavy-light masses [9] , for which the adjustment of c E is a subleading effect [39, 46] . Thus, we have taken
(2.27)
Using formulae in Ref. [51] , we can estimate the error stemming from 1/m 2 E , finding a tree-level mismatch of
28) where the right-hand side holds for ζ = r s = c B = c E = 1. At the tree level m E = m E ′ , so the same error is made in the Darwin termsh
An advantage of using Eqs. (2.13), (2.14) and (2.15) to describe our lattice calculation is that it clarifies which parameters in S play a key role in various splittings defined in Sec. II A. The spin-averaged masses receive energy (beyond 2m 1 ) from the balance between the kinetic energiesh (±) D 2 h (±) and the exchange of temporal gluons betweenh
As discussed above, they are sensitive to m 2 , motivating the tuning of κ (and the fixed choice for ζ.) The hyperfine splittings M (nS HFS ) arise from exchange of spatial gluons between
. Hence they are proportional to 1/m 2 B and, drilling further back to S, sensitive to the coupling c B . The same line of dependency holds for the tensor splittings M (nP tensor ). Similarly, the spinorbit part of the χ cJ and χ bJ levels arise from exchange of a temporal gluon betweenh
. Hence they are proportional to 1/m 2 E and, referring back to S, sensitive to c E .
With the tree-level adjustment of c B , the hyperfine splittings should be expected to have errors of order α s mv 4 from radiative corrections to m
, and of order v 6 from the terms 
On the MILC ensembles both relative errors are expected to be a few to several percent [51] , and, perhaps counterintuitively, smaller for bottomonium than charmonium [51] .
The lattice action in Eq. (2.6) does not contain parameters to tune the two terms proportional to p 4 in Eq. (2.15). The mismatches , are again expected to be a few to several percent, but in this case larger for bottomonium than for charmonium [51] . For plots of the a dependence of discretization effects caused by Eqs. (2.28), (2.29), and (2.30), see Figs. 2 and 3 of Ref. [51] .
To tune κ nonperturbatively, one adjusts it so that a hadron mass agrees with the experimentally measured value. Let us define M 1 and M 2 for a hadron analogously to Eq. (2.8).
1 From the effective Lagrangian description for quarkonium, Eqs. (2.13)-(2.15), it follows that 32) where the binding energy B 1 is determined by terms of order v 2 and higher, but B 2 by terms of order v 4 and higher [52] . In the splittings of rest masses, m 1 drops out, so we can obtain well-tuned results for B 1 (and their differences) by adjusting κ so that m 2 corresponds to a physical quark. That suggests tuning κ so that, say, M 2 (1S) agrees with experiment. The spin average is useful, because it eliminates the leading effect of a mistuned chromomagnetic coupling c B .
A better approach, still using a hadron's kinetic mass, is as follows. Reference [52] analyzes the Breit equation to show how higher-order potentials and the p 4 terms generate B 2 , tracing how the mismatches noted in Eqs. (2.29) and (2.30) propagate to B 2 . This analysis reveals that the discretization error in B 2 is smaller for heavy-light hadrons than for quarkonium states. For heavy-light hadrons, the largest part of the kinetic binding energy comes from the light quarks and gluons, and, since the light quark has mass ma ≪ 1, its contribution to the kinetic binding energy of the meson has only a small discretization error. To tune κ for charmed and bottom quarks, it is therefore better to use heavy-light states, such as D s , whose kinetic masses have the smallest statistical, discretization, and chiral extrapolation errors. In fact, the leading discretization error, from the chromomagnetic energy, can again be removed by taking the spin-averaged mass of the pseudoscalar and vector mesons.
It is sometimes thought that the tuning inaccuracy of the kinetic binding energy B 2 can be circumvented by adjusting ζ so that (a hadron's) M 1 = M 2 , and then fixing M 1 to experiment. But any discretization error in B 2 is then propagated to ζ and, hence, throughout the rest of the simulation. It is, therefore, just as clean to leave ζ = 1 and tune M 2 to a target meson mass, as we have done here.
At this stage, it may be helpful to compare and contrast the Fermilab approach [5, 51] with lattice NRQCD [3, 4] . The construction of lattice NRQCD starts with the (dimensionally regulated and MSrenormalized) NRQCD effective Lagrangian for continuum QCD [42, 43] , and then discretizes it. This process can be repeated order-by-order in perturbation the-ory. In the Fermilab method, a version of the WilsonSheikholeslami-Wohlert lattice action is used, but the results are interpreted with (dimensionally regulated and MS-renormalized) NRQCD with modified short-distance coefficients. This is possible because Wilson fermions possess heavy-quark symmetry, and the proposed improvements preserve this feature. Then the parallel structure of the NRQCD descriptions of QCD and lattice gauge theory are used to match the latter to the former. In both frameworks, the lattice action can be systematically improved via the nonrelativistic expansion [4, 51] .
At a practical level, early spectrum calculations [47] use a lattice-NRQCD action [4] that adjusts, at the tree level, the full v 4 Lagrangian and the spin-dependent v Lagrangian.
2 The p 4 terms are, thus, correctly normalized at the tree level, so the quarkonium and heavy-light kinetic mass tunings are comparably accurate. On the other hand, the Fermilab action has tree-level errors in the v 6 and even some of the v 4 terms. The errors diminish monotonically as a is reduced, however. This is especially important for charmonium: here the nonrelativistic expansion is not especially good, but it is needed only to organize the matching of the most important couplings in S, knowing that further errors, such as those described by L (6) HQ , are of the form (mv 2 a) 2 and smaller. In summary, the pattern of discretization effects leads us to tune κ via kinetic masses corresponding to the 1S D s and B s mesons. The main spectroscopic results, presented in Sec. IV, are for mass splittings, in which case the uncertainties are minimized by quoting differences of our computed rest masses.
D. Correlator construction
The meson correlator at a given spatial momentum p and time t is defined as 
where Γ is a product of Dirac matrices appropriate for the meson spin structure, and φ c (x − y) is a smearing function. Neglecting the disconnected piece, the meson correlator can be re-written with the quark propagators 
P1
T1 pi, i = 1, 2, 3 χ0
with S from Eq. (2.6), yielding
where
is the smeared quark propagator.
For the P states, we use two types of quarkonium correlators, which we call "relativistic" and "nonrelativistic." In the relativistic case, all four spin components of the quark propagators were used to construct the two-point functions. We used point and smeared sources and sinks. The smearing functions φ c (x) are 1S and 2S wavefunctions of the QCD-motivated Richardson potential [53] . At the sink, spatial momentum p = 2π(n 1 , n 2 , n 3 )/L is given to the quarkonium state. We restrict the range of p such that n 2 i ≤ 9. Using this approach, we computed correlation functions for the 1S and 2S states for the pseudoscalar and the vector to study both the kinetic and rest masses. For the 1P states h, χ 0 and χ 1 we computed only the rest masses.
In the nonrelativistic approach to constructing the two-point functions, the meson operators project onto two of the Dirac components of the quark fields. Table II gives the explicit form of these operators. At the source and sink we smear the quark propagators with a P -type wavefunction φ c (r) = φ 1S (|r|)r i where φ 1S (|r|) is a Richardson 1S wavefunction [53] and i = 1, 2, 3. At the origin we set φ c (0) = 0. The relativistic interpolating operators include extra lower Dirac components that increase the overlap with excited states. Therefore, one should expect that the overlap of the nonrelativistic meson operators with the 1P ground states to be better than in the relativistic case. We used these nonrelativistic operators at p = 0 for the h, χ 0 , χ 1 , and χ 2 states. In Sec. III A, we compare the results for the first three states with the corresponding results from relativistic operators.
For both correlator constructions, we use several timeslice positions for the source vectors. In the case of the coarse β = 6.76, am l /am s = 0.005/0.05 ensemble and all medium-coarse ensembles, we use eight sources for the relativistic operators; in all other cases, we use four.
E. Fitting methods
To determine the mass spectrum, we fit our correlator data with a Bayesian procedure, taking priors guided by potential models [53, 54] . The priors, listed in Table III , are the same for both relativistic and nonrelativistic correlators. To find the quarkonium masses from relativistic correlators, we use a delta function and a 1S smearing wavefunction as the source and sink. We fit simultaneously two or three source-sink combinations for the zeromomentum states, including the ground state and up to two excited states. The minimum and maximum sourcesink separation is varied, and the best fit is selected based on the confidence level and the size of the errors in the ground state and first excited state masses. After choosing the fit range, 250 bootstrap samples are generated to provide an error estimate.
The fitting method in the case of nonrelativistic operators is similar except we use the same P -type wavefunction, described above, for both source and sink. In this case, we use no more than a ground state plus one excited state in the fitting form. The quality of data in the nonrelativistic case is such that often a fit with just the ground state is enough, provided the fitting range is appropriately chosen.
III. GENERAL RESULTS
Before presenting results for mass splittings (in Sec. IV) we discuss three general issues: a comparison of the statistical quality of relativistic and nonrelativistic operators (Sec. III A); a numerical comparison of tuning κ via M 2 in heavy-light and quarkonium (Sec. III B); and a discussion of how uncertainties from tuning κ are propagated to the mass splitting (Sec. III C). Table VII by more than 1.5σ. Table VI by more than 1.5σ. The statistical quality of our data can be judged from Fig. 1, which shows examples of typical two-point functions for the 1S pseudoscalar and vector states and their corresponding effective masses, calculated with relativistic operators. The data are from the coarse ensemble with am l /am s = 0.01/0.05. We have a clear signal and the effective masses have well-established plateaus. As already mentioned, for the 1P states we used both relativistic and nonrelativistic types of operators. Figure 2 compares the effective masses of the h c (1P ) and h b (1P ) states, calculated with both types of operators. The data show that the effective masses obtained with nonrelativistic operators plateau at an earlier t min . Despite the fact that the statistics in the nonrelativistic case are, in this example, three times lower than in the relativistic case, the errors on the fitted h c and h b masses are smaller than the ones calculated with relativistic operators. This finding holds for all of the 1P states studied here. Our statistics with the nonrelativistic operators are 2-3 times lower than with the relativistic ones (except for the mediumcoarse case where they are 6 times lower), yet the errors on the masses are up to 50% smaller, and in some cases smaller still-see Tables IV-VII for numerical comparisons. The nonrelativistic operators couple much more weakly to the excited states and, thus, yield effective mass plateaus of better quality and fitted masses with smaller errors. All of our results for quarkonium masses are listed in Tables IV-VII with statistical errors calculated with the bootstrap method and symmetrized.
The central values of the 1P states calculated with relativistic and norelativistic operators occasionally differ by more than 1.5 uncorrelated σ. This difference arises more often than expected, especially once correlations are considered. In the tables, these cases are labeled with a star. To check whether this difference is due to statistics, in some cases we carried out simultaneous fits to both the relativistic and nonrelativistic correlators. The masses extracted this way turned out to be indistinguishable from the masses from nonrelativistic data alone. This was not surprising, because the data from relativistic sources had larger fluctuations than that from nonrelativistic sources. Thus, in our further analysis of the chiral extrapolation and a dependence, we use the nonrelativistic results for the 1P states wherever they are available.
B. κ tuning in quarkonium and heavy-strange mesons
In Sec. II C, we argued that the best way to tune the hopping parameter κ is to use the spin-averaged kinetic mass of heavy-strange hadrons. If instead one would tune to the kinetic mass of the (spin-averaged) quarkonium ground state, the resulting tuned κ could be different at nonzero lattice spacing. To study this discrepancy we have computed the quarkonium 1S kinetic mass for a wide range of κ on the medium-coarse ensemble with am l /am s = 0.0290/0.0484. Figure 3 shows the results and also shows the physical aM (1S) and aM Υ .
3 From a polynomial fit to the data, we get κ c ≈ 0.122 for the charmed quark, which is the same value as the one we obtain from matching to D s . However, because the relevant discretization effects are larger in bottomonium than in B mesons, the tuned values of the hopping parameter differ substantially: κ b ≈ 0.094 from Υ vs. κ b ≈ 0.076 from B s .
When we tune to the D s , some uncertainty in κ arises. We take the tuning error in κ c to be 0.0015 and in κ b to be 0.006. Reference [9] finds uncertainties (statistical and fitting) in this range on the medium-coarse, coarse, and fine ensembles, and here we assume the same for the extra-coarse ensembles. We discuss in the next subsection how to propagate these errors to our computed splittings.
Above we mentioned a small difference in tuning the clover coupling for the coarse ensembles. The value of the tadpole coefficient u 0 used in that analysis was determined from mean Landau gauge link whereas the coefficient used in the others was determined from the plaquette. This difference means that our bare quark mass, i.e., κ, has a slightly different definition on the coarse ensembles. Discrepancies in mass splittings caused by this choice should be eliminated via the nonperturbative tuning. Tables IV-VII and most of the plots in Sec. IV show statistical errors only, because the foremost aim of this paper is to understand the pattern of discretization errors. A systematic error also arises from inaccuracies in tuning κ c and κ b , and to study the continuum limit it is necessary to propagate this error to the mass splittings. We discuss here how we treat these uncertainties.
Several pieces of evidence show that the spin-averaged splittings depend very little on κ. These splittings vary little from charmonium to bottomonium [24] , a feature understood to be a consequence of both systems lying between the confining and Coulombic part of the potential [1, 2]. This feature is, in fact, reproduced in our lattice-QCD data. Moreover, earlier work in the quenched approximation [55] and with n f = 2 [8] show negligible κ dependence for spin-averaged splittings. Thus, we shall assume that the κ-tuning error for these splittings can be neglected.
For spin-dependent splittings, we compute the 1S hyperfine splitting as a function of κ, on the medium-coarse ensemble with am l /am s = 0.0290/0.0484, the same ensemble as in Fig. 3 . The data are summarized in Table VIII. We fit the data to the form
for κ cr = 0.145, which enforces the requirement that, at large heavy quark mass m 0 = µ/2a, the splitting goes as 1/m 2 0 . The fit gives χ 2 /dof = 0.6/8. From the fit result we estimate that an error of 0.0015 in the determination of κ c results in a 6% error in the charmonium hyperfine splitting, and an error of 0.006 in the determination of κ b , a 22% error in the bottomonium hyperfine splitting. We expect that these errors are characteristic of all splittings driven by the spin-spin and tensor terms in the quarkonium effective potential, since in the non- relativistic treatment, they all stem from the same term in the heavy-quark effective Lagrangian.
The spin-orbit splitting remains to be considered. In our data and in experiment, it decreases from charmonium to bottomium similarly to the hyperfine and tensor splittings. Therefore, we shall assume the same relative error from the uncertainty in tuning κ.
Below we also present results for the splittings between twice the spin-averaged mass of D s and D * s , and of B s and B * s , and the corresponding 1S quarkonium mass. To estimate their κ-tuning errors we have calculated these spin-averaged masses for several values of κ near κ c and κ b on the coarse ensemble with am l /am s = 0.01/0.05. These direct measurements allow us to propagate the κ-tuning errors from the masses to the mass splittings. We obtain an error of 1.3% for charm and 13% for bottom. We assume the same error for these splittings at other lattice spacings.
IV. SPECTRUM RESULTS
We now present plots of quarkonium mass splittings as a function of the square of the sea-quark pion mass. The splittings and their errors are calculated using the bootstrap method. In most cases, we expect the dependence on the sea-quark mass to be mild, so we perform on our results a chiral extrapolation linear in M 2 π down to the physical pion. The extrapolated values are denoted in each plot with filled symbols. The error bars come from symmetrizing the 1σ (68%) interval of the bootstrap distribution.
Where possible, we compare our results to experimental measurements. As a rule we take the average values from the compilation of the Particle Data Group [24] . The exception is the mass of the η b (1S) meson, which has only recently been observed. We take M η b = 9390.9 ± 2.8 MeV, based on our average of two measurements by the BaBar Collaboration [48, 49] and one by the CLEO Collaboration [50] .
In examining the results, we are interested in seeing how well we can understand discretization errors via the nonrelativistic description of Eqs. (2.13)-(2.15). We therefore carry out separate chiral extrapolations at each lattice spacing, and discuss whether the a dependence, and any deviations from experiment, make sense.
From the effective Lagrangian discussion, we expect different discretization errors to affect spin-averaged and spin-dependent splittings. Errors in the spin-averaged splittings stem from the Darwin (D · E) term and the two p 4 terms. Errors in the spin-dependent splittings stem from the chromomagnetic (iσ · B) and spin-orbit (iσ · D × E) terms. Moreover, from the general structure of potentials arising from QCD [25, 26] , we learn that iσ·B predominantly affects M (nS HFS ) and M (nP tensor ), while iσ · D × E affects M (nP spin-orbit ).
A. Spin-averaged splittings
Let us start with 1P -1S and 1 1 P 1 -1S splittings, plotted in Figs. 4 and 5 vs. (r 1 M π ) 2 . In the nonrelativistic picture, they arise predominantly at order v 2 via the kinetic energy, which our tuning of κ should normalize correctly. The spin-dependent terms in L do not contribute to spin averages (1S, 1P ) or to a spin singlet (1 1 P 1 ). Discretization errors remain, however, at order v 4 via the mismatches in Eqs. (2.28)-(2.30). We assess these results using the error estimates in Ref. [51] , which account for both the a dependence and the relative v 2 suppression.
Our results for charmonium are shown in Fig. 4 . Our results for both splittings approach the continuum physical point as the lattice spacing decreases, and the size of the discretization effects is about what one expects: 5-6% from m E = m 2 and 3-6% from m 4 = m 2 [51] .
The 1P -1S and 1 1 P 1 -1S splittings in bottomonium are given in Fig. 5 . These splittings agree acceptably with experiment, given the estimated discretization errors, 2-3% from m E = m 2 and 2-5% from m 4 = m 2 [51] . We cannot compare the h b (1 1 P 1 ) mass with experiment, because that state has not been observed [24] , but our results for the 1 1 P 1 level agree very well with the 1 3 P J average. Next let us examine the 2S-1S splitting. We fit a correlator matrix constructed from two interpolating opera- tors, local and smeared, to three or more states (i.e., two or more excited states). The error we assign to the mass determination estimates the uncertainties in our method. The results for charmonium as a function of (r 1 M π ) 2 are shown in Fig. 6a . The lattice data appear to lie significantly above the experimental value at the smaller lattice spacings. The individual 2S levels show the same trends we observe in the spin-averaged level. In Fig. 7 we plot separately the η c (2S)-1S and ψ(2S)-1S. We see that both η c (2S) and ψ(2S) are responsible for the behavior seen in Fig. 6a , the latter especially so. The results for bottomonium (Fig. 6b) are more satisfactory.
We suggest two possible reasons for the behavior of the charmonium 2S-1S splitting results. First, the 2S are the only excited states in this study. Excited states are more difficult than ground states to determine accurately. With only two operators, our fits are less reliable, even though our fit model has at least three states. Second, the fit procedure does not take into account adequately the possible contribution of multiple open charm levels. For example, we have not used a two-body operator in the matrix correlator. With unphysically large quark masses, the open charm levels are unphysically high. As the sea quark mass is decreased, they come down. Moreover, the box size of our lattices at the lightest sea quark mass is larger, which decreases the discrete level spacing of the would-be open-charm continuum. The dotted line in Fig. 6a shows the location of the physical open charm threshold. It is dangerously close to the physical 2S levels, especially the ψ(2S). Thus it is conceivable that nearby multiple open charm levels are being confused with the 2S and artificially raise its fitted mass. This explanation is consistent with the observed gradual rise of this level in the fine ensembles with decreasing light quark mass but not with the trends seen in the coarse and medium-coarse ensembles.
For bottomonium in Fig. 6b , the open bottom threshold is safely distant (off scale in this plot), so we do not expect a similar confusion in this channel. Figure 8 shows the individual 2S bottomonium levels separately. There is no comparison for the first excited pseudoscalar state η b (2S)-1S, because the state has not yet been observed [24] , although the extrapolated values appear to approach a consistent continuum limit. The first excited vector state splitting Υ(2S)-1S is given in Fig. 8b . The chirally extrapolated values monotonically approach the experimental value and for the fine ensembles our splitting agrees with the experiment. 
B. Hyperfine splittings
Now let us turn to the hyperfine structure. Our results for the hyperfine splitting in charmonium and bottomonium are presented in Figs. 9 and 10. For the 1S levels and for 2S bottomonium, there is little dependence on the sea quark mass. To assess the approach to the continuum limit one must bear in mind that the errors in Figs. 9 and 10 are statistical only, and the systematic error from κ-tuning must also be taken into account. We thus take the values at the physical pion mass, apply the κ-tuning error and plot these data vs. a 2 , as shown in Fig. 11 . Both data sets are consistently linear in a 2 , so we carry out such an extrapolation. The extrapolated values in units of r 1 are 0.187(12) for charmonium, with χ 2 /dof = 1.9/2, and 0.087 (20) for bottomonium, with χ 2 /dof = 0.55/1. One can see, from comparing Fig. 11 with Fig. 9 and 10 , that the κ-tuning uncertainties inherited from the heavy-strange kinetic mass are larger than the statistical uncertainties of the quarkonium rest-mass splittings.
In physical units these extrapolated results are −4.8 ± 2.0 MeV [49] , and 68.5±6.6±2.0 MeV [50] ; symmetrizing the error bars and taking a weighted average, we find M Υ(1S) − M η b (1S) = 69.4 ± 2.8 MeV. Our hyperfine splitting thus falls 1.2σ short. Note that with lattice NRQCD, the HPQCD Collaboration finds M Υ(1S) − M η b (1S) = 61 ± 4 ± 13 MeV [19] , which agrees with the recent experimental measurements, yet also with our result.
The errors on the final 1S hyperfine splittings quoted here encompass statistics (as amplified by extrapolations), κ tuning, and r 1 . In addition, the coupling c B has been adjusted only at the tree-level, introducing an error of O(α s a) that our continuum extrapolation would not eliminate. A preliminary result for the one-loop correction to c B is available [56] , suggesting that a very small correction is needed beyond the tadpole improvement of Eq. (2.26), when u 0 is set from the Landau link.
The 2S hyperfine splittings for both charmonium and bottomonium are shown in Figs. 9b and 10b . Unfortunately, these results are not very useful. Although the charmonium splitting agrees, within large errors, with experiment, one should bear in mind the issue of threshold effects surrounding our determination of the ψ(2S) mass, discussed above. The bottomonium splitting does not suffer from this problem, but the statistical and fitting errors are still too large to make a prediction of the as yet unobserved η b (2S) mass.
C. P -state splittings
We now turn to splittings between the 1 3 P J levels, which stem from two contributions [25] . As discussed above, one comes from exchanging a Coulomb gluon between a spin-orbit term,h The spin-orbit splittings M (1P spin-orbit ) are shown in Fig. 12 for charmonium and bottomonium. They exhibit a small lattice-spacing dependence and agree well with experiment, indicating that the chromoelectric interactions and, hence, c E are adjusted accurately enough. for charmonium and bottomonium. These chromomagnetic effects seem to approach the experimental value as a decreases. Since the tensor and the spin-spin potential components both measure the effects of the chromomagnetic interaction, we plot the ratio of the 1P tensor splitting to the 1S hyperfine splitting in Fig. 14 . The coefficient m −1 B should drop out from the ratio and if there are no effects from higher-dimension operators, the ratio should be a constant which agrees with the continuum limit. If a higher-dimension operator has a significant contribution, then the ratio need not agree any better than the splittings themselves. The charmonium case, Fig. 14a , seems to suggest that the higher-dimension operator matters, the bottomonium case, Fig. 14b masses. This mass difference is interesting from the point of view of the discretization effects, which should contribute less to the D s and B s than to the charmonium and bottomonium 1S states. We show this splitting (also for the bottom-quark sector) combining our quarkonium rest masses with the Fermilab-MILC heavy-strange rest masses [9] in Fig. 15 . The correlation in the error is treated correctly with the bootstrap method, and, as elsewhere in this paper, the bootstrap errors are symmetrized. Clearly, discretization effects are important at nonzero a.
In Fig. 16 , we incorporate the κ-tuning errors and show the a dependence of the above splittings. Carrying out an exptrapolation linear in a 2 , which is empirically suitable, we find −0 MeV, with the uncertainty in r 1 yielding the second error bar. The bottomonium extrapolation agrees with the experimental value, but the combined statistical and κ-tuning errors are quite large. The charmonium extrapolation is 1σ shy of the experimental value. Given the empirical nature of our continuum extrapolation, this is completely satisfactory.
E. Summary of spectrum results
To summarize our results, Fig. 17 shows the charmonium and the bottomonium spectra as splittings from the 1S level and compares them to the experimental results. We have plotted the chirally extrapolated values at each lattice spacing and included statistical, κ-tuning, and r 1 uncertainties. Solid lines show the experimental values, where they are known, and dashed lines show estimates from potential models [54] in other cases.
For the splittings discussed above, Table IX shows the continuum limit, taken via linear extrapolations in a 2 . One should bear in mind that the NRQCD-based theory of cutoff effects, explained in Sec. II C, anticipates a less trivial lattice-spacing dependence. The linear-ina 2 extrapolations are consistent with the data, which are not yet sufficient to resolve more complicated functional forms. In Table IX The charmonium and bottomonium spectra by and large show good agreement with experiment. The charmonium hyperfine splitting agrees very well; the bottomonium splitting agrees at 1.2σ. The tensor and spinorbit splittings also agree well, for both systems. The 1 P 1 -1S and 1P -1S spin-averaged splittings agree at 1.1-1.3σ forcc; the 1P -1S at 0.6σ forbb. As discussed above, the charmonium 2S states are too high, because our operator basis and statistics proved to be insufficient to disentangle the bound states from open-charm threshold effects. For bottomonium the 2S-1S splitting does not suffer from threshold effects and agrees well. When the r 1 uncertainty is included, the splitting of quarkonium relative to the heavy-strange spectrum, 2M (D s )−M (1S) and 2M (B s ) − M (1S), also agrees well with experiment.
V. CONCLUSIONS
Quarkonium properties offer an excellent test of lattice QCD, because they are relatively well-understood hadrons, via potential models and effective field theories. This paper attempts a thorough study of the charmonium and bottomonium mass splittings, using lattice gauge fields with 2+1 flavors of sea quarks. By using the Fermilab method for heavy quarks, we are able to study both systems, as well as heavy-light hadrons, with the same basic theoretical tool. By using the MILC ensembles, we are able to study a wide range of lattice spacing, and a wide range of up and down sea-quark masses, down to 0.10m s .
Our aim here has been to develop methods and to compare discretization effects against expectations that are gleaned from an effective theory analysis. An important technical finding for ground P states is that nonrelativistic operators are superior to relativistic operators in overlap and, hence, statistics.
Our calculations reproduce most features of the mass splittings, to the extent expected. This optmistic conclusion is marred somewhat, because we find that the errors from κ tuning are significant for spin-dependent splittings. Agreement with experiment is found only when these uncertainties, which stem from the heavy-strange kinetic mass, are taken in to account. In some other cases, such as leptonic decay constants for heavy-light mesons [11] , uncertainties in κ also influence significantly the final error budget.
In the continuation of this project, we hope to improve on the results presented here in several ways. First, the MILC ensembles now contain approximately four times as many configurations, and they extend to smaller lattice spacings, a ≈ 0.06 fm and a ≈ 0.045 fm. The finer lattice will bring charm into the region where Symanzik-motivated continuum extrapolations are justified and should bring bottomonium discretization effects under 1%. To this end it may also prove worthwhile to incorporate the p 4 corrections of the improved Fermilab action [51] . Higher statistics and twisted-boundary conditions [57] should improve the tuning of κ and, thus, reduce errors from this source as well.
